Abstract. Let Φ be a finite dimensional algebra over an algebraically closed field k and assume gldim Φ ≤ d, for some fixed positive integer d. For d = 1, Brüning proved that there is a bijection between the wide subcategories of the abelian category mod Φ and those of the triangulated category D b (mod Φ). Moreover, for a suitable triangulated category M, Jørgensen gave a description of Auslander-Reiten triangles in the extension closed subcategories of M.
Introduction
Let d be a fixed positive integer, k an algebraically closed field and Φ a finite dimensional k-algebra with global dimension at most d. The category of finitely generated (right) Φ-modules is denoted by mod Φ and its bounded derived category by D b (mod Φ), with suspension functor Σ. Moreover, for an additive subcategory C of mod Φ, we define an additive subcategory
For d ≥ 2, suppose there is a d-cluster tilting subcategory F ⊆ mod Φ. Then F plays the role of a higher mod Φ and F of a higher derived category of F .
We generalise Brüning's result on wide subcategories of D b (mod Φ) and Jørgensen's result on Auslander-Reiten triangles in extension closed subcategories of triangulated categories to higher homological algebra. Happel introduced Auslander-Reiten triangles in triangulated categories in [5] and Jørgensen studied Auslander-Reiten triangles in their extension closed subcategories in [11] . Whenever M is a skeletally small Hom-finite k-linear triangulated category with split idempotents and W ⊆ M is an additive subcategory closed under extensions, [11, theorem 3 .1] states the following.
Theorem (Jørgensen) . 
Note that the above theorem can be applied to any wide subcategory of the triangulated category D b (mod Φ). So, given a wide subcategory of mod Φ, one can find a wide subcategory W of D b (mod Φ) using the theorem by Brüning and then use the theorem by Jørgensen to find Auslander-Reiten triangles in W.
This paper (d ≥ 1 case)
. Jasso generalised abelian categories to d-abelian categories in [10] , where kernels and cokernels are replaced by complexes of d + 1 objects, called dkernels and d-cokernels respectively, and short exact sequences by complexes of d+2 objects, called d-exact sequences. In [4] , Geiss, Keller and Oppermann likewise generalised triangulated categories to (d + 2)-angulated categories, where triangles are replaced by complexes consisting of d + 2 objects.
A d-cluster tilting subcategory F ⊆ mod Φ is a functorially finite additive subcategory of mod Φ such that F = {a ∈ mod Φ | Ext 1 ... d−1 (F , a) = 0} = {a ∈ mod Φ | Ext 1 ... d−1 (a, F ) = 0}, see Definition 4.1. Suppose such an F ⊆ mod Φ exists. Iyama proved in [7] that F is dcluster tilting in D b (mod Φ) and so F becomes a (d + 2)-angulated category by [4, theorem 1] . Note that the d-abelian category F plays the role of a higher mod Φ and F of a higher derived category of F .
Keeping in mind the above, we generalise the theorem by Brüning to higher homological algebra as follows. 
Then the following are equivalent:
Properties of (d + 2)-angulated categories
In this section, we present the setup we will be working in. Then, we introduce some terminology that will be used in later sections and we state some well known properties of (d + 2)-angulated categories. Let W be an additive subcategory of M closed under d-extensions in the sense that given any morphism in M of the form δ :
with W i ∈ W for any i ∈ {1, . . . , d}. A W-precover of X is a morphism of the form ω : W → X with W ∈ W such that every morphism ω ′ : W ′ → X with W ′ ∈ W factorizes as:
A W-cover of X is a W-precover of X which is also a right minimal morphism. The dual notions of precovers and covers are preenvelopes and envelopes respectively. Definition 3.7. The subcategory W of M is called precovering if every object in M has a W-precover. Dually, W is preenveloping if every object in M has a W-preenvelope. If W is both precovering and preenveloping, we say that it is functorially finite. 
is such that the induced sequence
is exact. The following three lemmas are direct consequences of this result. 
We build the proof of Theorem A by first proving a more general bijection, then proving this bijection respects "functorially finite". Proving Theorem A will then amount to proving the bijection respects "wide". Proof. Let W ⊆ F be an additive subcategory of F , then W ⊆ F is clearly additive and closed under Σ ±d .
Suppose now that X ⊆ F is an additive subcategory closed under Σ ±d . Let x be an indecomposable in X , then x = Σ id f for some f ∈ F and integer i. Since X is closed under Σ ±d and under direct summands, then
Take W := F ∩ X and note that, by the above, we have add{Σ
Lemma 4.3. The bijection from Lemma 4.2 respects "functorially finite".
Proof. Suppose first that W is functorially finite in F and take any f ∈ F . Then, there is a W-precover of f of the form ω : w → f . Since f is concentrated in degree zero, then we
as any other summand of w would have zero Hom space to f . Then,
Let w ∈ W and α : w → f . Since W ⊆ W, there is a morphism γ :
Since there are no non-zero maps of the form
Hence ω 0 is a W-precover of f and W is precovering in F . Dually, W is preenveloping in F .
Suppose now that W is functorially finite in F . Note that, in order to prove that W is precovering in F, it is enough to find a W-precover of any f ∈ F . We have that W ⊆ F is functorially finite, F ⊆ mod Φ is functorially finite since F is d-cluster tilting in mod Φ and mod
is functorially finite. Moreover, for any integer i, applying the automorphism Σ i to
is functorially finite. For f ∈ F , note that the only non-zero morphisms from W to f are from objects in
and ω is a W-precover of f . Dually, W is preenveloping in F.
Lemma 4.4. Let A and B be additive categories and A have split idempotents. Suppose F : A → B is a full and faithful additive functor, then F (A) is closed under direct summands.
Proof. Let a ∈ A satisfy F (a) = x ⊕ y. Then, we have a biproduct diagram:
where pi = 1 x and qj = 1 y . Also, e = ip and 1 − e = jq are idempotents in End B (F (a)). Now, as F is full and faithful, there is an idempotent e ′ in End A (a) such that F (e ′ ) = e, and F (1 − e ′ ) = 1 − e. Since A has split idempotents, we get a biproduct diagram:
Applying F to this, we get:
, , F (a)
We show this is isomorphic to (2) . We have
and
The following is a well-known result, so we do not present a proof here.
Lemma 4.5. Suppose we have an exact sequence with terms in F of the form:
Then 
This comes from a diagram in D of the form
where by
y , we mean a morphism x → Σy and the composition of all the wavy arrows is γ. Each oriented triangle is a triangle in D and each non-oriented triangle is commutative. Applying the functor F to (4), we get the diagram:
where each non-oriented triangle is commutative, and since F is triangulated, each oriented triangle is a triangle in D ′ and by 
Remark 4.7. Note that any d-exact sequence in F induces a (d + 2)-angle in F . In fact, any d-exact sequence in F :
can be decomposed into short exact sequences which correspond to triangles in D b (mod Φ). Hence, we obtain a diagram of the form (4), and so, by [4, 
Using the above lemmas and [6, theorem A], we prove there is a bijection between functorially finite wide subcategories of F as defined in [6, definition 2.11], and functorially finite wide subcategories of F as defined below. Remark 4.9. In the situation of Definition 4.8, we also denote by φ * the induced functor on the level of bounded derived categories:
This is full, faithful and triangulated, since φ is a homological epimorphism by [6, proposition 5.8] . Note that, since φ * is triangulated, it commutes with Σ. Moreover, by Lemma 4.4, φ * (G) is closed under direct summands. Hence 
Note that φ * (G) is functorially finite in F by Lemma 4.3. Then, to complete the first part of the proof, it remains to show that φ * (G) is closed under d-extensions. Take any morphism δ : φ * (g) → φ * (g ′ ) in φ * (G). Since φ * is full and faithful, then δ = φ * (g γ − → g ′ ), for some morphism γ in G. As G is (d + 2)-angulated, we can extend γ to a (d + 2)-angle in G of the form:
Then, by Lemma 4.6, we obtain a (d + 2)-angle in F with objects from W:
Hence φ * (G) is closed under d-extensions.
Now let X ⊆ F be a functorially finite wide subcategory. Then, by Lemmas 4.2 and 4.3, we have that X = V for some functorially finite subcategory V ⊆ F . It remains to show that V ⊆ F is wide, in the sense of [6, definition 2.11]. Let ν : v → v ′ be a morphism in V. Since X ⊆ F is wide, there is a (d + 2)-angle in F with objects from X of the form:
Note that v, v ′ are chain complexes concentrated in degree zero since they are in V. Also, as X = V, any x ∈ X is isomorphic to a complex with zero differentials and so H(x) ∼ = x. For i = 1, . . . , d, let v i and ν i be the components at degree zero of x i and ξ i respectively, and note that v i ∈ V.
Note that
Since Φ is a projective module in mod Φ, then Φ ∈ F . Then, applying H 0 (−) = Hom F (Φ, −) to (5), by [4, proposition 2.5] we obtain the exact sequence:
where we have used the fact that H 0 (Σ −d v ′ ) = 0, since v ′ is concentrated in degree zero. Then, by Lemma 4.5, we conclude that
is a d-kernel of ν in F with objects from V.
The existence of a d-cokernel of ν in F with objects from V follows by a dual argument.
Consider a d-exact sequence in F of the form:
with v and v ′ in V. Then, by Remark 4.7, there is a (d + 2)-angle in F of the form:
Since X is closed under d-extensions and v, v ′ ∈ X , there is a (d + 2)-angle in F with objects from X :
For i = 0, . . . , d, let v i and ν i be the components at degree zero of x i and ξ i respectively, and note that v i ∈ V. Applying H 0 (−) = Hom F (Φ, −) to (6), we obtain the exact sequence:
By Lemma 4.5 and its dual, this is a d-exact sequence. Moreover, by axiom (N3) from Definition 2.4, we have the morphism of (d + 2)-angles in F:
Applying H 0 (−) to the above, we obtain the commutative diagram:
Hence, the first and second row in the above diagram are two Yoneda equivalent d-exact sequences, and the second row has objects in V.
Auslander-Reiten (d + 2)-angles
Let us go back to Setup 3.2. In this section we introduce and study Auslander-Reiten We now give equivalent definitions for Auslander-Reiten (d + 2)-angles. 
and suppose that ξ d is right almost split and, if d ≥ 2, also that ξ 1 , . . . , ξ d−1 are in rad M . Then the following are equivalent:
As done for Lemma 5.3, instead of proving the above now, we will later prove the more general Lemma 5.10. The case W = M in the latter will then give us Lemma 5.4.
We now define Auslander-Reiten (d + 2)-angles in the additive subcategory W of M closed under d-extensions. To do so, we first define left and right almost split morphisms in W. 15.15] , in order to prove that End(W 0 ) is local, it is enough to prove that µ + ν is not a split monomorphism.
Suppose for a contradiction that µ + ν is a split monomorphism. Hence there is a morphism γ :
Hence ω 0 is a split monomorphism, contradicting our initial assumption. So End(W 0 ) is local.
Since End(W 0 ) is local, it follows that W 0 is indecomposable. Since M is Krull-Schmidt, there are indecomposable objects W 1 , . . . , W t such that
Moreover, W 1 , . . . , W t are in W since W is closed under summands. Then we have
Suppose there is some i ∈ {1, . . . , t} such that ω 
Remark 5.7. Note that since W is a full subcategory of M, then rad W is equal to the restriction of rad M to W.
is left minimal, then ω 0 is left almost split in W.
Proof. Since ω d is not a split epimorphism, Lemma 3.13 implies that ω 0 is not a split monomorphism. Let φ 0 : W 0 → V 0 be a morphism in W that is not a split monomorphism. Extend Σ d (φ 0 ) • ω d+1 to a (d + 2)-angle and consider the following commutative diagram, built using axiom (N3) from Definition 2.4:
where, as V 0 and W d+1 are in W, which is closed under d-extensions, we can choose
Suppose for a contradiction that η 0 is not a split monomorphism. Then η d is not a split epimorphism by Lemma 3.13. As ω d is right almost split in W and
So we can construct a commutative diagram of the form:
Hence we have
is an isomorphism, and so also ψ 0 φ 0 is an isomorphism, contradicting our assumption that φ 0 is not a split monomorphism. Hence η 0 is a split monomorphism and there is a morphism γ :
and so ω 0 is left almost split in W.
Lemma 5.9. Let The fact that (c) implies (b) follows by a dual argument and so it is now clear that they both imply (a). 
Proof. (a)⇒(b
0 ∈ rad M and ω 0 ∈ rad W by Remark 5.7.
Proof of Theorem B
Since µ is non-zero, then η 0 is not a split monomorphism by Lemma 3.13. Then, as ξ 0 is left almost split, there is a morphism ψ 1 :
So, by axiom (N3) from Definition 2.4, there exist morphisms ψ 2 , . . . , ψ d+1 making the following diagram commutative:
In particular, we have µ
d+1 is a multiple of µ. So ξ d+1 is in M and the non-zero submodule of
Note that End(X d+1 ) is local, as ǫ is an Auslander-Reiten (d + 2)-angle. Since the socle of
is generated by the single element ξ d+1 , it follows that it is simple if it is annihilated by the Jacobson radical of End(X d+1 ). Let ρ : X d+1 → X d+1 be in the radical of End(X d+1 ), then by the dual of [1, proposition 15.15(e)], we have that ρ has no right inverse. Hence ρ is not a split epimorphism and, since ξ d is right almost split, there is a morphism
Then, by Lemma 3.9 we have
as we wished to prove. 
Lemma 6.3. Let W be in W and let
(a) for every non-zero morphism δ : ΣIn particular, we have Σ 
it follows that 
We show that ϕ 0 : W 0 → X 0 is a W-cover. First note that commutativity of (9) and the fact that ξ d+1 is non-zero implies that ϕ 0 is non-zero. Moreover, by Lemma 5.10, we know that End(W 0 ) is local. Hence, by the dual of [14, lemma 2.4], it follows that ϕ 0 is right minimal. So it remains to show that ϕ 0 is a W-precover.
Suppose that U 0 in W and a morphism γ 0 : U 0 → X 0 are given. We want to prove that γ 0 factors through ϕ 0 . The case U 0 = 0 is trivial, so suppose that U 0 is non-zero. is non-degenerate. Hence (10) implies that γ 0 = ϕ 0 • α, that is γ 0 factors through ϕ 0 as we wished.
A class of examples
In this section, we present a class of examples using F as described in [17, section 4] and [6, section 7] . We first give a full description of the wide subcategories W of the (d+2)-angulated category F = add{Σ id F | i ∈ Z}, using Theorem A. We then apply Theorem B to find the Auslander-Reiten (d + 2)-angles in these subcategories W.
